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FIXED POINTS OF GROUP ACTIONS AND
RATIONAL MAPS
JA´NOS KOLLA´R AND ENDRE SZABO´
The aim of this note is to give simple proofs of the results in sec-
tion 5 of [Reichstein-Youssin99] about the behaviour of fixed points
of finite group actions under rational maps. Our proofs work in any
characteristic.
Lemma 1. Let K be an algebraically closed field and H a (not nec-
essarily connected) linear algebraic group over K. The following are
equivalent.
1. Every representation H → GL(n,K) has an H-eigenvector.
2. There is a (not necessarily connected) unipotent, normal subgroup
U < H such that H/U is abelian.
Proof. Let H → GL(n,K) be a faithful representation. If (1.1) holds
then H is conjugate to an upper triangular subgroup, this implies (1.2).
Conversely, any representation of a unipotent group has eigenvec-
tors (with eigenvalue 1, cf. [Borel91, I.4.8]) and the subspace of all
eigenvectors is an H/U -representation.
Proposition 2 (Going down). Let K be an algebraically closed field,
H a linear algebraic group over K and f : X 99K Y an H-equivariant
map of K-schemes. Assume that
1. H satisfies the equivalent conditions of (1),
2. H has a smooth fixed point on X, and
3. Y is proper.
Then H has a fixed point on Y .
Proof. The proof is by induction on dimX . The case dimX = 0 is
clear.
Let x ∈ X be a smooth H-fixed point and consider the blow up BxX
with exceptional divisor E ∼= Pn−1. The H-action lifts to BxX and so
we get an H-action on E which has a fixed point by (1.1). Since Y is
proper, the induced rational map BxX → X 99K Y is defined outside a
subset of codimension at least 2. Thus we get anH-equivariant rational
map E 99K Y . By induction, there is a fixed point on Y .
Remark 3. If H does not satisfy the conditions of (1) then (2) fails for
some actions. Indeed, let H → GL(n,K) be a representation without
1
2 JA´NOS KOLLA´R AND ENDRE SZABO´
an H-eigenvector. This gives an H-action on Pn with a single fixed
point Q ∈ Pn. The corresponding action on BQP
n has no fixed points.
Proposition 4 (Going up). Let K be an algebraically closed field and
H a finite abelian group of prime power order qn (q is allowed to co-
incide with charK). Let p : X 99K Z be an H-equivariant map of
irreducible K-schemes. Assume that
1. f is generically finite, dominant and q 6 | deg(X/Z),
2. H has a smooth fixed point on Z, and
3. X is proper.
Then H has a fixed point on X. Moreover, if X 99K Y is an H-
equivariant map to a proper K-scheme then H has a fixed point on
Y .
Proof. The proof is by induction on dimZ. The case dimZ = 0 is
clear.
Let z ∈ Z be a smooth fixed point and E ⊂ BzZ the exceptional
divisor. Let p¯ : X¯ → BzZ denote the normalization of BzZ in the field
of rational functions of X and Fi ⊂ X¯ the divisors lying over E. H
acts on the set {Fi}. Let Fj denote the H-orbits and in each pick a
divisor F ∗j ∈ Fj. By the ramification formula,
deg(X/Z) =
∑
j
|Fj| · deg(F
∗
j /E) · e(p¯, F
∗
j )
where e(p¯, F ∗j ) denotes the ramification index of p¯ at the generic point of
F ∗j . Since deg(X/Z) is not divisible by q, there is an orbit F0 consisting
of a single element F ∗
0
such that deg(F ∗
0
/E) is not divisible by q.
We have H-equivariant rational maps F ∗
0
99K E, F ∗
0
99K Z and
F ∗
0
99K Y . By induction H has a fixed point on Y , and also on Z.
Remark 5. We see from the proof that (4) also holds if H is abelian
and only one of the prime divisors of |H| is less than deg(X/Z).
The method also gives a simpler proof of a result of [Nishimura55].
One can view this as a version of (2) where H is the absolute Galois
group of K.
Proposition 6 (Nishimura lemma). Let K be a field and f : X 99K Y
a map of K-schemes. Assume that
1. X has a smooth K-point, and
2. Y is proper.
Then Y has a K-point.
FIXED POINTS OF GROUP ACTIONS AND RATIONAL MAPS 3
Proof. The proof is by induction on dimX . The case dimX = 0 is
clear.
Let x ∈ X be a smooth K-point and consider the blow up BxX with
exceptional divisor E ∼= Pn−1. E has smooth K-points. Since Y is
proper, the induced rational map BxX → X 99K Y is defined outside
a subset of codimension at least 2 and we get a rational map E 99K Y .
By induction, there is a K-point on Y .
Remark 7. One can combine (2) and (6) if we know that any H-
representation has an eigenvector defined over K. There are two inter-
esting cases where this condition holds:
1. H is Abelian of order n and K contains all nth roots of unity.
2. H is nilpotent and its order is a power of charK.
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